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HOCHSCHILD COHOMOLOGY OF THE WEYL ALGEBRA
AND VASILIEV’S EQUATIONS
ALEXEY A. SHARAPOV AND EVGENY D. SKVORTSOV
Abstract. We propose a simple injective resolution for the Hochschild com-
plex of the Weyl algebra. By making use of this resolution, we derive ex-
plicit expressions for nontrivial cocycles of the Weyl algebra with coefficients
in twisted bimodules as well as for the smash products of the Weyl algebra
and a finite group of linear symplectic transformations. A relationship with
the higher-spin field theory is briefly discussed.
1. Introduction
The polynomial Weyl algebra An is defined to be an associative, unital algebra
over C on 2n generators yj subject to the relations
yjyk − ykyj = 2iπjk.
Here π = (πjk) is a nondegenerate, anti-symmetric matrix over C. Bringing the
matrix π into the canonical form, one can see that An ≃ A
⊗n
1 .
The Hochschild (co)homology of the Weyl algebra is usually computed employing
a Koszul-type resolution, see e.g. [1], [2], [3]. More precisely, the Koszul complex of
the Weyl algebra is defined as a finite subcomplex of the normalized bar-resolution,
so that the restriction map induces an isomorphism in (co)homology [3]. This
makes it relatively easy to calculate the dimensions of the cohomology spaces for
various coefficients. Finding explicit expressions for nontrivial cocycles appears to
be a much more difficult problem. For example, it had long been known that
HH•(An, A
∗
n) ≃ HH
2n(An, A
∗
n) ≃ C .
(The only nonzero group is dual to the homology groupHH2n(An, An) generated by
the cycle 1⊗y1∧y2∧· · ·∧y2n.) An explicit formula for a nontrivial 2n-cocycle τ2n,
however, remained unknown, until it was obtained in 2005 paper by Feigin, Felder
and Shoikhet [4] as a consequence of the Tsygan formality for chains [5], [6]. The
cocycle τ2n was then used to define a canonical trace in deformation quantization
of symplectic manifolds. An earlier discussion of the analytical structure of τ2n can
be found in [7, Sec. 3.3].
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In this paper, we propose a simple injective resolution for the Hochschild com-
plex of the Weyl algebra. This resolution allows us to derive explicit formulae for
nontrivial Hochschild cocycles of the Weyl algebra, much as the Koszul resolution
provides us with information about the dimensions of cohomology spaces. Further-
more, the construction naturally extends to the smash products An ⋊ G, with G
being a finite subgroup of Sp(n,C). Our interest to the problem is mostly moti-
vated by developments in the higher-spin field theory, see [8], [9], [10] for a review.
Let us dwell on this point in more detail.
The nonlinear equations of motion governing the dynamics of massless higher-
spin fields were proposed by Vasiliev in the late eighties [11]. Unlike what we are
accustomed to in the Yang–Mills theory or gravity, the gauge algebra underlying
the massless higher-spin fields is an associative algebra rather than a Lie algebra.
In the case of four-dimensional space-time, for example, this algebra, called the
higher-spin algebra, is given by the smash product A = A2 ⋊ G, where G is a
certain finite subgroup of Sp(2,C) (see Example 4.7 below). It turns out that the
nontrivial interaction vertices making the field equations nonlinear are completely
determined by nontrivial two-cocycles of the algebra A with coefficients in itself.
These two-cocycles, in turn, are expressed in terms of the Hochschild cocycle τ2 of
the Weyl algebra A1. An explicit formula for the cocycle τ2 was thus found in [11]
long before the paper [4].
It should be noted that the original Vasiliev’s equations were not written in
a closed form, rather they involved an infinite sequence of vertices to be found
successively by means of homological perturbation theory. Later on Vasiliev has
been able to give his equation quite a simple and closed form [12] by embedding
the higher-spin algebra A into a bigger algebra, called the Vasiliev double [10].
The initial field equations arise then after excluding the auxiliary fields together
with the additional algebra generators. As by product, one obtains an explicit
expression for the Hochschild cocycle τ2 determining the interaction vertices. A
closer look at this doubling/exclusion procedure shows that it implicitly uses the
general algebraic concept of resolution. The aim of this paper is to present this
resolution in an explicit form, free from all irrelevant field-theoretical details.
2. Feigin–Felder–Shoikhet Cocycle
In the Introduction, we have defined the Weyl algebra in terms of generators and
relations. Alternatively, one can think of the algebra An as the space of complex
polynomials C[y1, . . . , y2n] endowed with the Moyal ∗-product:
a ∗ b = a exp i
( ←−
∂
∂yj
πjk
−→
∂
∂yk
)
b .
The Weyl algebra enjoys the involutive automorphism:
(2.1) a 7→ a˜ , a˜(y) = a(−y) .
This allows one to equip An with the Z2-grading: An = A
0
n ⊕ A
1
n, where the even
and odd subspaces are generated, respectively, by the even and odd polynomials in
y’s. As a Z2-graded algebra, An admits a supertrace str : An → C. By definition,
str(a) = a(0) , str(a ∗ b) = (−1)|a||b|str(b ∗ a) ,
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where |a| stands for the parity of a ∈ An. Canonically associated to the supertrace
is the supersymmetric bilinear form
(2.2) B(a, b) = str(a ∗ b) , B(a, b) = (−1)|a||b|B(b, a) .
The form B is known to be nondegenerate [13], see also [14]. One can check that
(2.3) B(a, b) = B(b˜, a)
and the subspaces A0n and A
1
n are orthogonal to each other. Using the nonde-
generate bilinear form B, we can identify An with a subspace in its dual space
A∗n = C[[y
1, . . . , y2n]]. The latter, by definition, consists of the formal power series
in y’s with complex coefficients. The natural An-bimodule structure on An induces
that on the dual space A∗n. It follows form (2.3) that the left and right actions of
An on A
∗
n are given by
a 7→ b ∗ a ∗ c˜ , ∀a ∈ A∗n, ∀b, c ∈ An .
Notice that both the ∗-products are well defined.
Now we turn to the cohomology of the Weyl algebra. Recall that the Hochschild
cohomology HH•(A,M) of an associative unital k-algebra A with coefficients in a
bimodule M over A is the cohomology of the Hochschild cochain complex [15]
C•(A,M) : C0
∂
// C1
∂
// C2
∂
// · · ·
with
Cp = Homk(A
⊗p,M) , A⊗p = A⊗ · · · ⊗A︸ ︷︷ ︸
p
,
and the differential
(∂f)(a1, . . . , ap+1) = a1f(a2, . . . , ap+1) +
p∑
k=1
(−1)k+1f(a1, . . . , akak+1, . . . , ap+1)
+(−1)p+1f(a1, . . . , ap)ap+1 .
The complex C•(A,M) contains a large subcomplex C¯•(A,M) of cochains that
vanish when at least one of their arguments is equal to 1 ∈ A. The latter is
called the normalized Hochschild complex. It is easy to see that the inclusion
map i : C¯(A,M) → C(A,M) induces an isomorphism in cohomology, meaning
that the Hochschild cohomology of A is isomorphic to that of the quotient algebra
A¯ = A/C1.
Of particular interest are two special cases of modules: M = A and M = A∗.
The cohomology groups HH•(A,A) have been extensively studied because of their
relation to deformation theory, while the groups HH•(A,A∗) are functorial in the
k-algebra A. For the Weyl algebra, we have
(2.4) HH•(An, An) ≃ HH
0(An, An) ≃ C ,
(2.5) HH•(An, A
∗
n) ≃ HH
2n(An, A
∗
n) ≃ C .
The group HH0(An, An) is identified with the center of the Weyl algebra and
the Feigin–Felder–Shoikhet (FFS) cocycle we are interested in generates the other
nontrivial group HH2n(An, A
∗
n).
Let ∆2n be the standard simplex in R
2n,
∆2n : 0 = u0 ≤ u1 ≤ · · · ≤ u2n ≤ 1 ,
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and introduce the notation
pj0 = iy
j , pjµ = π
jk ∂
∂ykµ
, µ = 1, . . . , 2n .
Then the FFS cocycle can be written as
(2.6) τ2n(a1, . . . , a2n) = τˆ2n(p0, p1, . . . , p2n)a1(y1)a2(y2) · · · a2n(y2n)|yµ=0 ,
where aµ ∈ An and
(2.7)
τˆ2n(p0, p1, . . . , p2n) = det(p1, . . . , p2n)
×
∫
∆2n
exp i
 ∑
0≤i<j≤2n
(1 + 2ui − 2uj)ω(pi, pj)
d2nu
is the symbol of the polydifferential operator in (2.6). Here ω(p, q) = ωijp
iqj and
ω = (ωij) is the two-form dual to π = (π
ij). The exponential function in the
integral is to be expanded in the Taylor series and integrated term by term. (As
the functions aµ are polynomial, only finitely many terms contribute nontrivially
to (2.6).)
Theorem 2.1 (FFS). The cochain τ2n is a nontrivial cocycle in C¯
2n(An, A
∗
n).
The proof can be found in [4]. The idea is to represent the l.h.s. of the cocycle
condition
a0 ∗ τ2n(a1, . . . , a2n)− τ2n(a0 ∗ a1, . . . , a2n) + . . .− τ2n(a0, . . . , a2n−1) ∗ a˜2n = 0
as an integral over the faces of a (2n + 1)-dimensional simplex and to apply then
Stokes’ theorem. One more geometrical interpretation of the cocycle condition
is presented in Appendix A. Evaluating now the cocycle τ2n on the basis cycle
c2n = 1⊗ y
1 ∧ · · · ∧ y2n, one can find
(2.8) B(1, τ2n(y
1 ∧ · · · ∧ y2n)) = τ2n(y
1 ∧ · · · ∧ y2n)(0) = (2n!)−1 .
This shows that both τ2n and c2n are nontrivial.
Remark 2.2. The fact that the chain c2n is a Hochschild cycle is not of crucial im-
portance in the proof above. Indeed, for any normalized cochain γ ∈ C¯2n−1(An, A
∗
n)
one can find
(∂γ)(y1 ∧ · · · ∧ y2n) = 2
2n∑
k=1
(−1)k+1ykγ(y1 ∧ · · · ∧ yˆk ∧ · · · ∧ y2n) .
(Due to the involution (2.1) twisting the right action of An on A
∗
n, the Moyal
∗-product of y’s and γ reduces effectively to the ordinary, i.e., commutative multi-
plication with overall factor 2.) If the FFS cocycle were trivial, i.e., τ2n = ∂γ, then
we would have τ2n(y
1 ∧ · · · ∧ y2n)(0) = 0, which is not the case as seen from (2.8).
The integral over the simplex (2.7) can be transformed to that over a unit hyper-
cube. An appropriate change of variables is
u1 = t0t1 · · · t2n−1 , u2 = t0t1 · · · t2n−2 , . . . , u2n−1 = t0t1 , u2n = t0 ,
where tk ∈ [0, 1]. The corresponding Jacobian is equal to t
2n−1
0 t
2n−2
1 · · · t2n−2. For
A1 this yields the following symbol of two-cocycle:
(2.9) τˆ2(p1, p2) = ω(p1, p2)
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×
∫ 1
0
dt1
∫ 1
0
dt0t0e
i[ω(p0,p1)(1−2t0t1)+ω(p0,p2)(1−2t0)+ω(p1,p2)(1−2t0+2t0t1)] .
In the next section we will derive this integral representation for the FFS cocycle
following a systematic procedure.
3. Vasiliev Resolution
Let Ω• denote the space of exterior differential forms whose homogeneous ele-
ments are given by
(3.1) a = a(y, z)i1···iqdz
i1 ∧ · · · ∧ dziq ∈ Ωq .
Here ai1···iq (y, z) ∈ C[y
1, . . . , y2n, z1, . . . , z2n]. The C-linear space Ω• can be en-
dowed with the structure of an associative graded algebra with respect to the fol-
lowing ∗-product:
(3.2) a ∗ b = a exp i
[ ←
∂
∂yi
πij
( →
∂
∂yj
+
→
∂
∂zj
)]
b , ∀a, b ∈ Ω• .
In other words, the product combines the exterior product of forms with the Moyal
∗-product of y’s and z’s and the grading is given by the form degree.
The algebra Ω• enjoys the involutive automorphism
a˜(y, z; dz) = a(−y,−z;−dz) , ˜˜a = a , a˜ ∗ b = a˜ ∗ b˜ .
Using this automorphism, we can make the algebra Ω• into a bimodule over itself
with the following left and right actions:
b 7→ a ∗ b ∗ c˜ ∀a, b, c ∈ Ω• .
Denote by Ωˆ• the completion of the space Ω•. The elements of Ωˆ• are differential
forms (3.1) with coefficients being formal power series in y’s and z’s. The Ω•-
bimodule structure above extends naturally from the space Ω• to its completion
Ωˆ•. Notice that Ω• contains the Weyl algebraAn = C[y
1, . . . , y2n] as the subalgebra
of 0-forms that are independent of z’s. Hence, we can think of Ωˆ• as a bimodule over
An as well. This allows us to define the Hochschild complex of the Weyl algebra
An with coefficients in Ωˆ
•. Each p-cochain f ∈ Cp(An,Ω
•) is given by a C-linear
map f : A⊗pn → Ωˆ
• and the action of the Hochschild differential ∂ : Cp → Cp+1 is
defined by the usual formula
(3.3) (∂f)(a1, . . . , ap+1) = a1 ∗ f(a2, . . . , ap+1)
+
p∑
k=1
(−1)k+1f(a1, . . . , ak ∗ ak+1, . . . , ap+1) + (−1)
p+1f(a1, . . . , ap) ∗ a˜p+1 .
Clearly, the Hochschild complex C•(An, Ωˆ
•) contains C•(An, A
∗
n) as subcomplex.
Now we observe that the An-bimodule Ωˆ
• is actually a cochain complex with
respect to the exterior differential d : Ωˆq → Ωˆq+1. This gives one more differential
on the cochain space C•(An, Ωˆ
•). By definition,
(3.4) d : Cp(An, Ωˆ
q)→ Cp(An, Ωˆ
q+1) , df = dzi ∧
∂f
∂zi
(−1)p .
The sign factor (−1)p ensures that d∂ + ∂d = 0. Hence, the differential d makes
the Hochschild complex into the bicomplex C•,• = C•(An, Ωˆ
•) with
∂ : Cp,q → Cp+1,q , d : Cp,q → Cp,q+1 , p, q ≥ 0 .
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Associated to the bicomplex C•,• is the total complex C•, where Cm =
⊕
p+q=m C
p,q
and the differential D : Cm → Cm+1 is given by the sum D = d+ ∂.
Given the bicomplex (C•,•, ∂, d), we can define the pair of spectral sequences
{′E•,•r } and {
′′E•,•r } converging to the cohomology of the total complex H
•
D(C).
As usual,
′Ep,q2 = H
p
∂H
q
d(C) ,
′′Ep,q2 = H
q
dH
p
∂(C) .
By the Poincare´ Lemma the cohomology of the differential d is concentrated in
degree 0 and
H0d(C) ≃ C
•(An, A
∗
n) .
Hence,
(3.5) ′E•,•2 ≃
′E•,02 = H
•
∂H
0
d(C) ≃ HH
•(An, A
∗
n) ≃ HH
2n(An, A
∗
n) ≃ C .
Here we made use of our knowledge of the Hochschild cohomology groups (2.5).
Thus, the first spectral sequence collapses after the first step yielding ′E•,•2 ≃
′E•,•∞ ≃ C. In other words,
(3.6) H•D(C) ≃ H
2n
D (C) ≃ C
and the one-dimensional space H2nD (C) is generated by the FFS cocycle τ2n.
Consider now the second spectral sequence. The zero groupH0∂(C
•,•) is certainly
nontrivial. By definition, it is represented by forms α ∈ Ωˆ• satisfying the equation
b ∗ α− α ∗ b˜ = 0 ∀b ∈ An .
It is enough to check the last condition only for the generators of An. We have
(3.7) yj ∗ α+ α ∗ yj = 0 ⇔ 2yjα+ iπjk
∂α
∂zk
= 0 .
The general solution to these equations is given by
(3.8) α = e2iω(z,y)gi1···iq (y)dz
i1 ∧ · · · ∧ dziq ∈ Ωˆq ,
where g’s are arbitrary formal power series in y’s. Then it easy to see that
H•dH
0
∂(C) ≃ H
2n
d H
0
∂(C) ≃ C, where the group
′′E0,2n2 = H
2n
d H
0
∂(C) is generated
by the cocycle1
ζ = e2iω(z,y)dz1 ∧ · · · ∧ dz2n ∈ Ωˆ2n .
As is seen, ζ ∈ C0,2n is a 2n-cocycle of the total complex, Dζ = 0. Since the
total cohomology is known to be one-dimensional (3.6), the cocycle ζ must be
cohomologous to aτ2n for some a ∈ C. In other words, there exists ξ ∈ C
2n−1 such
that
(3.9) Dξ = ζ − aτ2n .
Expanding ξ in homogeneous components,
ξ = ξ0 + ξ1 + · · ·+ ξ2n−1 , ξk ∈ C
2n−1−k,k ,
we can rewrite (3.9) as the system of descent equations
(3.10)
dξ2n−1 = ζ ,
dξ2n−2 = −∂ξ2n−1 ,
· · ·
dξ0 = −∂ξ1 ,
∂ξ0 = −aτ2n .
1Hint: all the coefficients of the form dα, where α is given by (3.8), vanish at y = 0.
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In order to solve these equations we introduce the contraction homotopy operator
s : Ωˆq → Ωˆq−1 by the relation
sa =
∫ 1
0
dt tq−1a(y, tz)i1i2···iqz
i1dzi2 ∧ · · · ∧ dziq
for a given by Eq. (3.1). We have sd + ds = p, where p : Ωˆ• → Ωˆ0 is the
canonical projection onto the subspace of 0-forms. Using the operator s, we can
solve successively all but one equations of (3.10) as
ξ2n−1 = sζ + dφ2n−2 ,
ξ2n−2 = (−s∂)
2sζ + ∂φ2n−2 + dφ2n−3 ,
· · ·
ξ1 = (−s∂)
2n−2sζ + ∂φ1 + dφ0 ,
ξ0 = (−s∂)
2n−1sζ + ∂φ0 − ϕ ,
for some φk ∈ C
2n−k−2,k and ϕ ∈ C2n−1(An, A
∗
n) describing the general solution.
Substituting ξ0 into the last equation in (3.10), we get the equality
(3.11) aτ2n = τ
′
2n + ∂ϕ , τ
′
2n ≡ ∂(s∂)
2n−1sζ .
It remains to note that the cocycle τ ′2n is nontrivial and a 6= 0. Indeed, evaluating
τ ′2n on the cycle c2n = 1⊗ y
1 ∧ · · · ∧ y2n, we find
B(1, τ ′2n(y
1 ∧ · · · ∧ y2n)) = τ ′2n(y
1 ∧ · · · ∧ y2n) = (2n!)−1 ,
and hence a = 1. The last computation is considerably simplified if one writes
the Hochschild differential as the sum ∂ = ∂1 + ∂2, where the operators ∂1 and ∂2
are given by the first and second lines in (3.3), respectively. It is easy to see that
∂2s+ s∂2 = 0 and s
2 = 0. This allows us to replace the full differential ∂ in (3.11)
with ∂1. We get
(3.12) τ ′2n = ∂(s∂1)
2n−1sζ = ∂1(s∂1)
2n−1sζ = (∂1s)
2nζ .
(By construction, τ ′2n is independent of z; hence, we can evaluate it at z = 0 and this
yields the mid equality.) Formally, the cocycle (3.12) looks like a coboundary. One
should keep in mind, however, that its “potential” ξ0 is a z-dependent function and
not an element of C2n−1(An, A
∗
n). Expression (3.12) reproduces the FFS cocycle
in the form of iterated integrals over a unit hypercube, c.f. (2.9).
The derivation above is essentially relied on the following injective resolution of
the Hochschild complex2:
(3.13) 0 // C•(An, A
∗
n)
ε
// C•(An, Ωˆ
0)
d
// C•(An, Ωˆ
1)
d
// · · · ,
with ε being the natural embedding. For historical reasons explained in the Intro-
duction we call the exact sequence (3.13) the Vasiliev resolution of the Hochschild
complex C•(An, A
∗
n).
2 That is, an injective resolution of the complex of vector spaces C•(An, A∗n). Since
H•
d
H0
∂
(C) 6= 0, the exact sequence (3.13) is by no means a Cartan–Eilenberg resolution [15,
Ch. XVII] as one might suspect.
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4. Twisted Bimodules and Smash Products
The canonical generators of the Weyl algebra An – the formal variables y
i – span
a 2n-dimensional symplectic space (V, ω) over C. The symplectic group Sp(n,C)
acts on V by linear canonical transformations preserving ω. The action of each
element g ∈ Sp(2n,C) naturally extends to an automorphism of the Weyl algebra
An. We will write a
g for the result of this action on an element a ∈ An. Let us
assume that g is a diagonalizable element of Sp(n,C). Then, it is easy to see that
Im(1− g)|V is a symplectic subspace of V and we set 2kg = rank(1− g)|V .
To each automorphism g of the Weyl algebra one can associate the g-twisted
bimodule Ang over An. This is defined as a linear space An endowed with the
following action of the Weyl algebra:
a→ b ∗ a ∗ cg , ∀a, b, c ∈ An .
The dimensions of the Hochschild cohomology spaces HH•(An, Ang) were com-
puted by Alev, Farinati, Lambre and Solotar [1] (see also [3]).
Theorem 4.1 (AFLS). Let g be a diagonalizable element of Sp(n,C) and 2kg =
rank(1− g)|V , then
HH•(An, Ang) ≃ HH
2kg (An, Ang) ≃ C .
Notice that the isomorphisms (2.4) and (2.5) follow from the AFLS theorem if
we put g = ±1|V . The theorem also implies that the odd cohomology groups are
all zero.
Our aim is to write an explicit formula for a nontrivial 2kg-cocycle, which we
denote by τg.
To do this, we only need to slightly adapt the Vasiliev resolution (3.13) to the g-
twisted bimodules. As for the FFS cocycle, we introduce the algebra of differential
forms Ω• with the general element (3.1) and the ∗-product (3.2). The latter is
obviously invariant under the automorphisms
ag(y, z; dz) = a(yg, zg; dzg) , g ∈ Sp(2n,C) .
(Here we just identify the linear spaces of y’s and z’s.) Twisting then the right
action of Ω• on itself by g, we define the g-twisted bimodule Ω•g and its completion
Ωˆ•g. The natural embedding An ⊂ Ω
• allows us to introduce the Hochschild complex
C•(An, Ωˆ
•
g), which is actually a bicomplex with respect to the Hochschild and the
exterior differential (3.4). Writing this bicomplex as the complex of complexes
(4.1) 0 // C•(An, Ang)
ε
// C•(An, Ωˆ
0
g)
d
// C•(An, Ωˆ
1
g)
d
// · · ·
augmented by C•(An, Ang), we get a natural generalization of the Vasiliev resolu-
tion (3.13) to the case of twisted bimodules.
Repeating the spectral sequence arguments of the previous Section, one can see
that the cocycle τg is cohomologous (in the total complex) to a cocycle of C
0,2kg .
The latter represents a nontrivial class in H
2kg
d H
0
∂(C).
Recall that the group H0∂(C) is identified with the subspace of invariants of the
bimodule Ω•g, i.e.,
H0∂(C) ∋ a ⇔ b ∗ a− a ∗ b
g = 0 ∀b ∈ An
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The last condition is enough to check only for the generators of An. This gives a
system of differential equations on a similar to (3.7). The general q-form satisfying
these equations looks like:
(4.2) a = eiωgh(w)i1···iqdz
i1 ∧ · · · ∧ dziq ,
where
w = z − (y − z)g , ωg = ω(z, y + (z − y)
g) ,
and h’s are arbitrary formal power series in w’s.
The next step is to calculate the d-cohomology in the space of differential forms
(4.2). We have
(4.3) dωg = ω(dz − dz
g, w) ,
so that the space H0∂(C) is invariant under the action of d, as it must. Let us
introduce the two- and 2kg-forms
ω(dz − dzg, dz − dzg) , ̟g = ω(dz − dz
g, dz − dzg)kg .
The rank of the two-form being 2kg, ̟g 6= 0.
Proposition 4.2. The group H•dH
0
∂(C) is generated by the 2kg-form
ζg = ̟ge
iωg .
Proof. Since g is assumed to be diagonalizable, we can split the carrier symplectic
space as V = V ′ ⊕ V ′′, where V ′ = Im(1 − g)|V and V
′′ = Ker(1 − g)|V . Hence,
each v ∈ V can be uniquely decomposed as v = v′ + v′′ for v′ ∈ V ′ and v′′ ∈ V ′′.
It is clear that ω(v′, v′′) = 0. Let y = (y′, y′′) and z = (z′, z′′) be the sets of
generators adapted to the splitting above. The differential d decomposes into the
sum d = d′ + d′′, where d′ and d′′ are exterior differentials with respect to the
variables z′ and z′′. It follows from (4.3) that d′′ωg = 0. Applying the standard
homotopy operator for the exterior differential d′′ then shows that the nontrivial
cohomology is nested in the subspace of forms (4.2) that depend neither on w′′
nor on dz′′. In other words, the complex (H0∂(C), d) is homotopic to the complex
(K•, d′) of forms
a = eiωgh(w′; dz′) .
Multiplication by e−iωg isomorphically maps the complex K• onto the complex K•1
of forms h(w′; dz′) with differential
d1 = (dz
′ + dz′g)α ∧
∂
∂w′α
+ ω(dz˜, w′) ∧ .
Here z˜ = z′ − z′g and the index α = 1, . . . , 2kg labels the coordinates with respect
to the g-diagonal bases in V ′. Since ω|V1 is nondegenerate, there exists a matrix
γ = (γαβ) such that
d1 = e
γαβ ∂
2
∂w′α∂w′β ω(dz˜, w′) ∧ e−γ
αβ ∂2
∂w′α∂w′β .
In other words, the differential d1 is equivalent to d2 = ω(dz˜, w
′)∧. The cohomology
of the latter can easily be computed. Consider the operator
∆ = παβivαLuβ
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composed of the Lie and internal derivatives. Here vα = ∂/∂z˜
α, uβ = ∂/∂w
′β , and π
is the bivector dual to the symplectic form ω|V ′ . One can check that ∆d2+d2∆ = N ,
where the action of the differential operator N on q-forms h(w′; dz˜) is given by
N = w′α
∂
∂w′α
+ 2kg − q .
The kernel of the operator N is spanned by the form λ = dz˜1 ∧ · · · ∧ dz˜2kg . The
form λ is clearly a nontrivial cocycle of d2 (the coefficients of each d2-exact form
vanish at w′ = 0). Applying the inverse equivalence transformations yields then
the form eiωgλ, which may differ from ζg = ̟ge
iωg only by sign. 
By construction, the form ζg = ̟ge
iωg is a cocycle of the total complex associ-
ated with the bicomplex C•(An, Ωˆ
•
g). Therefore, if nontrivial, it must be cohomol-
ogous to τg up to a normalization constant. Writing down and solving the descent
equations similar to (3.10), we set
(4.4) τg = (∂1s)
2kg ζg .
Recall that the operator ∂1 is defined by the first line in (3.3).
Proposition 4.3. The Hochschild cocycle defined by Eq. (4.4) is nontrivial.
Proof. We will prove the statement by evaluating the cocycle τg on the dual cycle
cg. To write down the latter we introduce a g-diagonal symplectic basis in V such
that y = (q1, p1, . . . q
n, pn), ω(dy, dy) =
∑n
i=1 dpi ∧ dq
i, and
yg = (λ1q
1, λ−11 p1, . . . , λnq
n, λ−1n pn) ,
where the eigen values are ordered such that λi 6= 1 for i = 1, . . . , kg and λi = 1
for i > kg. Given the bilinear form (2.2), we can identify the bimodule dual to Ang
with g˜An; here the left-twisting element is given by the product g˜ = gg0, where g0
is the parity automorphism, yg0 = −y. Then, it is not hard to check that
cg = Θ⊗ p1 ∧ q
1 ∧ · · · ∧ pkg ∧ q
kg , Θ = e
−i
∑kg
i=1
(
1+λi
1−λi
)
piq
i
,
is a 2kg-cycle of the normalized Hochschild complex C¯•(An, g˜An). The function Θ
is chosen to satisfy the equations
Θ ∗ qi + λiq
i ∗Θ = 0 , Θ ∗ pi + λ
−1
i pi ∗Θ = 0 , i = 1, . . . , kg .
A direct computation shows that
τg(cg) = B(Θ, τg(p1 ∧ q
1 ∧ · · · ∧ pkg ∧ q
kg )) = (2kg!)
−1 .
Hence, both τg and cg are nontrivial and generate the groups HH
2kg (An, Ang) and
HH2kg (An, g˜An), respectively. 
Remark 4.4. The symplectic group Sp(n,C) acts on C•(An, Ang) by the cochain
transformations
ch(a1, . . . , ak) =
(
c(ah
−1
1 , . . . , a
h−1
k )
)h
, ∀h ∈ Sp(n,C) .
If we treat the bases cocycles (4.4) as a map taking each diagonalizable element
g ∈ Sp(n,C) to the cochain τg ∈ C
•(An, Ang), then one can easily check that this
map is equivariant with respect to the adjoint action of Sp(n,C) on itself, namely,
τhg = τhgh−1 .
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Notice also that the element hgh−1 is diagonalizable if g was such and kg = khgh−1 .
In other words, the elements of the conjugacy class [g] are characterized by the
same number kg.
Finally, we turn to the smash-product algebras. Let G be a finite subgroup
acting by automorphisms on a C-algebra A and let C[G] be the corresponding
group algebra. Recall that the smash product A ⋊ G is the C-algebra with the
underlying space A⊗ C[G] and the product
(a⊗ g)(b⊗ h) = a ∗ bg ⊗ gh , ∀a, b ∈ A , ∀g, h ∈ G .
The following statement relates the Hochschild cohomology of the smash product
A⋊G to the G-invariant cohomology of the algebra A.
Lemma 4.5. Let A be a C-algebra together with an action of a finite group G.
Then
HH•(A⋊G,A⋊G) ≃
(
⊕g∈G HH
•(A,Ag)
)G
.
Here Ag is the bimodule isomorphic to A as a space where the left action of A is
the usual one and the right action is the usual action twisted by g.
For the proof see e.g. [16, Lemma 9.3].
We are going to apply this lemma to the case A = An and G is a finite sub-
group of the symplectic group Sp(n,C). The group G being finite, any g ∈ G
satisfies g|G| = 1; and hence, g is diagonalizable. This allows us to use the above
results on the cohomology groups HH•(An, Ang). The elements of the direct sum
⊕g∈GHH
•(An, Ang) are generated by the cocycles
(4.5) τγ =
∑
g∈G
γ(g)τg ,
where τg are basis cocycles for the nonzero groups HH
kg (An, Ang) ≃ C and γ :
G → C is a complex function on G. The G-invariance condition implies that
τhγ = τγ for all h ∈ G. Taking into account Remark 4.4, this is equivalent to the
condition γ(hgh−1) = γ(g), that is, γ : G → C is a class function on G. In such a
way we arrive at the following theorem proved in [1].
Theorem 4.6 (AFLS). The cohomology space HHp(An ⋊G,An ⋊G) is naturally
isomorphic to the space of conjugation invariant functions on the set Sp of elements
g ∈ G such that
rank(1− g)|V = p .
When applied to the case under consideration, the isomorphism established by
Lemma 4.5 admits a fairly explicit description. Given a G-invariant, normalized
cocycle (4.5), define the cocycle
(4.6) ϑγ =
∑
g∈G
γ(g)ϑgg
of the Hochschild complex C•(An ⋊G,An ⋊G) by setting
(4.7) ϑg(a1g1 , . . . , a2kgg2kg ) = τg(a1, a
g1
2 , a
g1g2
3 , . . . , a
g1···g2kg−1
2kg
)⊗ g1g2 · · · g2kg ,
for all ai ∈ An and gi ∈ G. The reader can check that ϑγ is a cocycle indeed.
Furthermore, ϑγ = 0 whenever some of its arguments belongs to C[G].
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One could arrive at the cocycles (4.6) starting from the injective resolution
(4.8) C•(An ⋊G,An ⋊G)
ε
// C•(An ⋊G, Ωˆ
• ⋊G) ,
where the action of G naturally extends from An to the differential forms (3.1) and
the action of exterior differential in Ωˆ• ⋊G is defined as d(a ⊗ g) = da ⊗ g for all
a ∈ Ωˆ• and g ∈ G.
Considering the pair of spectral sequences canonically associated to the bicom-
plex C•(An ⋊G, Ωˆ
•
⋊G), one can infer that
(4.9) HHp(An ⋊G,An ⋊G) ≃ H
p
dH
0
∂(An ⋊G, Ωˆ
•
⋊G) ,
where the groups on the right are generated by the G-invariant forms
(4.10) ζγ =
∑
g∈G
γ(g)ζgg .
Here the forms ζg are defined by Proposition 4.2 and γ is a class function on G.
(Note that the forms ζg are equivariant in the sense that ζ
h
g = ζhgh−1 for all h ∈ G.)
Applying the operator (∂1s)
p to a p-form in (4.10) yields then the desired p-cocycle
ϑγ = (∂1s)
pζγ .
Example 4.7. By way of illustration, we apply the above constructions to a par-
ticular case of physical interest. Namely, we compute the Hochschild cocycles of the
higher-spin algebra [17] underlying 4d higher-spin theories. The algebra in question
is given by the smash product A = A2 ⋊G, where
G = Z2 × Z2 ⊂ Sp(1,C)× Sp(1,C) ⊂ Sp(2,C) .
In order to make contact with the notation adopted in the physical literature let
us also describe A by generators and relations. The Weyl algebra A2 is generated
by four complex variables {yα, y¯α˙}, α, α˙ = 1, 2, with defining relations
[yα, yβ ] = 2iǫαβ , [yα, y¯α˙] = 0 , [y¯α˙, y¯β˙] = 2iǫα˙β˙ .
Here ǫ’s are the two-dimensional Levi-Civita symbols. The complex conjugation
acts on y’s as (yα)∗ = y¯α˙. The group G is generated by the pair of symplectic
reflections κ, κ¯:
κyα = −yακ , κy¯α˙ = y¯α˙κ , κ¯y¯α˙ = −y¯α˙κ¯ , κ¯yα = yακ¯ ,
κ2 = 1 , κ¯2 = 1 , κκ¯ = κ¯κ , κ∗ = κ¯ .
The generators κ and κ¯ are usually called the Klein operators. Thus, the general
element of the algebra A is given by
a = a1(y, y¯) + a2(y, y¯)κ+ a3(y, y¯)κ¯+ a4(y, y¯)κκ¯ .
The action of κ¯κ defines a Z2-grading making A into a superalgebra.
In view of the isomorphism Sp(1,C) ≃ SL(2,C), one can think of the variables
yα and y¯α˙ as the left- and right-handed Weyl spinors of the SL(2,C) group. Fur-
thermore, the associated Lie algebra L(A) contains a finite-dimensional subalgebra
generated by all real quadratic combinations of y’s and y¯’s. This subalgebra is
isomorphic to the Lie algebra sp(2,R) ≃ so(3, 2), i.e., the Lie algebra of isometries
of 4d anti-de Sitter space. To some extent this explains the relevance of the algebra
A to 4d higher-spin field theories.
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Theorem 4.6 gives us information about the dimensions of the cohomology spaces
HH•(A,A). We have G = {1, κ, κ¯, κκ¯} and
S0 = {1} , S1 = {∅} , S2 = {κ, κ¯} , S3 = {∅} , S4 = {κκ¯} .
Since the group G is abelian, we immediately obtain
HH0(A,A) ≃ C , HH2(A,A) ≃ C2 , HH4(A,A) ≃ C ,
and the other groups vanish.
As it usually is in deformations theory, the second cohomology groupHH2(A,A)
admits a direct physical interpretation: The corresponding basis cocycles generate
the pair of cubic vertices in the Vasiliev equations for massless higher-spin fields [11].
To find explicit expressions for these vertices, we can use the Vasiliev resolution (4.8)
resulting in the isomorphism (4.9). By Proposition 4.2 the group H•dH
0
∂(A, Ωˆ
•⋊G)
is generated by the forms
1, e2izαy
α
κdzα∧dz
α, e2iz¯α˙y¯
α˙
κ¯dz¯α˙∧dz¯
α˙, e2i(zαy
α+z¯α˙y¯
α˙)κκ¯dzα∧dz
α∧dz¯α˙∧dz¯
α˙,
where zα = z
βǫβα and z¯α˙ = z¯
β˙ǫβ˙α˙. Applying now the operator (∂1s)
p for p = 0, 2, 4
gives the Hochschild cocycles of A. In view of the property (4.7) these cocycles are
completely determined by their values on the subalgebra A2 ∈ A. The Weyl algebra
A2, being isomorphic to A1⊗A1, is spanned by the polynomials c(y, y¯) = a(y)b(y¯).
We have
ϑ0 = 1 ,
ϑ2(a1b1, a2b2) = τ2(a1, a2)(b1 ∗ b2)κ ,
ϑ¯2(a1b1, a2b2) = (a1 ∗ a2)τ2(b1, b2)κ¯ ,
ϑ4(c1, c2, c3, c4) = τ4(c1, c2, c3, c4)κκ¯ ,
where τ2 and τ4 are the FFS cocycles defined by Eq. (2.6). In this form the cocycles
ϑ2 and ϑ¯2 were first found in [11].
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Appendix A. Geometrical Interpretation of the FFS Cocycle
By making change of integration variables, one can bring the symbol of the FFS
cocycle (2.7) into the form
τˆ2n(p0, p1, . . . , p2n) =
∫
R2n
d2nv exp i
2ω(v, p0 + · · ·+ p2n) + ∑
0≤i<j≤2n
ω(pi, pj)

×∆(v + p0, v + p0 + p1, . . . , v + p0 + . . .+ p2n) ,
where ∆(v0, . . . , v2n) is the characteristic function of the oriented 2n-simplex Σ ⊂
R2n spanned by the vectors v0, v1, . . . , v2n ∈ R
2n. By definition, the function ∆
assumes only three different values 0,±1. The value 0 says that the origin 0 ∈ R2n
lies outside the simplex Σ. Otherwise ∆ takes on value 1 for the right simplices
and −1 for the left ones. It follows from the definition that
• ∆ is totally anti-symmetric under permutations of its arguments;
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• ∆ is Sp(n,R)-invariant, i.e., any linear symplectic transform vi → Avi
leaves it intact;
• the Hochschild cocycle condition is equivalent to the identity
(A.1)
2n+1∑
k=0
(−1)k∆(v0, . . . , vˆk, . . . , v2n+1) = 0 .
Geometrically, the identity expresses a simple fact that any polytope with 2n+2
vertices in R2n can be cut into 2n+ 2 simplices. Then the origin 0 ∈ R2n belongs
to an even number of such simplices with appropriate sign factors and orientations
ensuring pairwise cancelation.
From the algebraic viewpoint Eq.(A.1) means that the function ∆ is a 2n-cocycle
of the Alexander-Spanier complex of R2n with coefficients in Z, see e.g. [18]. The
action of the coboundary operator on p-cochains is given by
(∂ϕ)(v0, . . . , vp+1) =
p+1∑
k=0
(−1)kϕ(v0, . . . , vˆk, . . . , vp+1) .
Notice that supp∆ = {0}, so that the cocycle ∆ is compactly supported. The
cocycle ∆ can be formally represented as a coboundary, namely,
∆ = ∂∆w , ∆w(v0, . . . , v2n−1) = ∆(w, v0, . . . , v2n−1) .
The cochain ∆w, however, is neither Sp(n,R)-invariant nor compactly supported.
It is easy to see that for all nonzero w ∈ R2n, supp∆w ≃ R+. Actually, the
2n-cocycle ∆ generates the Alexander-Spanier cohomology H•c (R
2n,Z) ≃ Z.
In the special case of A1 the identity (A.1) was first revealed in [19].
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